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Abstract—The advantages of new forms of Faxen laws with derivatives of finite order are discussed
and specifically illustrated for prolate spheroids. Earlier ideas on the connection between the Faxen
laws and certain “associated solutions™ (singletparticle solutions of the Stokes flow where the
ambient velocity is a uniform stream or linear field) have been refined for the case where the
associated solution has a relatively simple singularity solution.

1. INTRODUCTION
In this note, we derive new forms for the Faxen law for the force, torque and stresslet on a
particle of arbitrary shape and give specific examples for the prolate spheroid. The
companion paper utilizes advantages of the new forms. Faxen (1924) showed that the force,
F and torque, T on a stationary, rigid sphere in an unbounded fluid in creeping flow v* are

F = 6mua(l + Y% a*V?)v*(x,), [1.]
T = 47ua’V x v3(x,). [1.2])

Batchelor & Green (1972) have derived an analogous Faxen-type relation for the stresslet or
symmetric stress dipole S for a rigid sphere in an ambient rate-of-strain field o7,

S = % xua’ (1 + Yo a*V?) e (x,). [1.3]

As shown by Felderhof (1977) and Rallison (1977) these relations can be used in the
multipole expansion of the method-of-reflections calculations for hydrodynamic interactions
between two or more particles.

Generalization of the Faxen laws to other shapes, e.g. ellipsoids have been carried out by
Brenner (1964) and Rallison (1978) and are of the form

1 1
Fa(1+502+3—!D‘+ .. -)v"(x,), (1.4]
T«(l + 23 D+ 33 D+ .. -)V x v°(x.), [1.5]
b I
2.3! 3.3
Sot(1+-'5!—Dz+"‘7—!‘D‘+‘°’) “(x.), [1.6]

where D? = a’d*/dx* + b?8*/8y* + c%6*/8z.
Note that the loss of isotropy introduces derivatives of higher order than that present for
spheres [see also Brenner & Haber (1983)].

We would like to eliminate the infinite series so that:

(1) The method-of-reflections can be applied to ambient flow fields obtained via
numerical solutions such as finite elements and finite differences.
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(2) The reflection process can be simplified by keeping terms from each multipole—-
multipole interaction together (as shown in the following paper).

From Brenner (1964) and Rallison (1978), we know that, because of the reciprocal
theorem, the Faxen law can be derived from information contained in certain associated
single-particle solutions: the (Faxen) force law from the uniform stream solution; the torque
and stresslet laws from the linear field solution. A more explicit statement can be made if the
associated solution is represented in terms of the fundamental solution of the Stokes equation
(i.e. a singularity solution). Hinch (1977) has noted (without proof) that the functional
forms of the Faxen laws for a sphere are identical to the functional forms of the associated
singularity solutions.

The appendix contains two proofs of the following proposition;

Suppose that the singularity solution for a stationary particle in a uniform stream, U~ is of
the form:

¥(x) = U® + U=- '“‘9},

8Tu

where I is the Oseen tensor given by
1 1
I(x) = — 6 + —3 XX,
Ix|” " Ix]?

and L is a linear functional. The parameter £ denotes the distribution of the singularities.
Then the Faxen law for the force on a stationary particle in an ambient field v* is

F = —[:5 {VQ(E)}

The result can be extended to include translational and rotational motions by adding the
(known) contributions from these motions. Similar results exist relating the torque and
stresslet laws with their associated singularity solutions.

These ideas will now be illustrated for prolate spheroids. The solutions of Chwang & Wu
(1974 and 1975) and Youngren & Acrivos (1975) indicate that Faxen relations with
derivatives of finite order can be constructed if one relaxes the restriction of evaluating v* at
only one position.

2. FAXEN LAW FOR PROLATE SPHEROIDS
The Chwang-Wu solutions for an isolated prolate spheroid in a uniform stream U®,
vorticity field @ and rate-of-strain field E can be rewritten as

v(x) = U — U~ . (a,dd + a, (8 ~ dd))

[2.1]
'f°(1 s -p i )V’)l( - bz,
oi(%) = epflxe - nﬁ,m tvddy + v (6 = didp)} (" = 8) Iya(x — )0
+ Qdrimd ! f (c* -8 [l + (- ) (l ) } [2.2]

Ml = D)+ G- DHE with 0= eus
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and

v/(x) = Eyx, — E,,,,[as ((djdk )(d,d,,, - %6,,,,)

1
+ Za‘ (djakmdl + dj&kldm + Bjmdkdl + 8;Idkdm - 4djdkdldm)

1
+ 50y (51 km + 5]"!6’(1 - 6jkalm + d]dkalm + 6;kdldm

2 [2.3]

= Aoy — ey — e — Sy + d,dkdﬂm)]
X f_ (-8 ‘1 + (-8 (1 )vz] I (x — p)dE
+ Endpundiy® [0 = ) 3 la(x = £) — I x — DI

where again, | is the Oseen tensor. a is the length of the major semi-axis, ¢ is the distance
from the centroid to the focal point, e = ¢/a is the eccentricity and d is the orientation of the
spheroidal axis. The shape factors a and v from Chwang & Wu are reproduced in table 1.

Consequently, the Faxen laws for the force, torque and stresslet on a particle moving as
U + w x x can be written as

F = 8xuladd + (8 — dd)} - f‘

(1 ) [2.4]
. |1 F(2-p)— ] v(£)dt — 16mpaeledd + ay (5 — dd)} - U,
T = dxplydd + v'(6 — dd)} - f ‘(¢ — £) V x v(£)dE + 8rua'd x f ‘(-8
Al + (& - Ez) ] - e”(§)dg - 3 mua’e’{ydd + +'(5 - dd)} - w,
and
S,j - 81!'#{ ;a, (d[dj 6,,) (dkdl -7 akl)
- Gt dbuds + didy + 8, + udd, — 4dddyd,
- %au (6”‘6][ + 6,, e — 6,,6k1 + d-d 6“ + 6 1+ d,ddkdl
""""""" [2.6]

— dddy — d,b,d) — dudd, - a.ﬂ,dk)] NG
(1 g

] ex(§)dg

Al + (2 -

—2wpy* (depd; + dienad)) _/: : (¢ = )V x v(§) - 2whdt.
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Table 1. Constants for the velocity representation for the spheroid. (i) Constants derived from
Chwang & Wu (1974, 1975)

-t
a; = e’l—Ze + (1 +¢€)log (l ¥ e))
1—-e
+e\l™’
—e
v=q - ez)'Ze - (1 - e log (' + "»
1—e
-1
- - e’)[—Ze +(1+e)log (}‘:—:)’

=7(l ~ )7
-1
+ ’)] [Ze(Ze’ ~3) +3(1 — &) log (1 + ‘)'
—e l-e

-1
A ")] {2e(2e2 ~3)+3(1 - ¢} log(l + ")]
—-e 1-e

-1
a, = 2¢(1 - &) [2"(3 - 5¢) - 3(1 — )’ log (i 1’ :)]

l -1
o = e’[6e - (3 -ed)log (l * :)’

o =ay+a)= e’{—Ze +(1+¢€) log(

1
a; = Ze’{Ze + (3¢’ = 1) log (l

1
a = 2e2'y,[—-2e + log (l

1
al = ez'y;{—Ze +(0-€) log(l

=

1+e\|™
v ey 4y -2 - ez)[—Ze + (1 +ed)log (l Z)]

a* =, — a)

1+
Y=y - - ~e’l—2e +(+é) 108(1

These expressions may be reduced to earlier forms by expanding the ambient field in a
Taylor series at the particle centroid. However, in the present form, the infinite series is
replaced by integrals which are actually better for discrete data.

The translational and rotational motion of a force-free and torque-free spheroid follows
from [2.4] to [2.6] as

(1 )

1+ (c? -

v-L [

v (@ -V x v

] v (§) ¢, (2.7]

28
3 2 (2.8]
Tee- ﬁf(c““

One application of the last equation is the generalization of the Jeffery equations for the
evolution of the orientation of a spheroid in a linear field [see Leal & Hinch (1072)] to the

1+ (¢t — yﬂl )thrm d dt.
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following for an arbitrary Stokes field,

2
d-—f (c? - El)ﬂ“(f)xddf-i- i z)fc(cz_sz)
) [2.9]

s e s’)“ ’vZ’(e () - d — o°(§):ddd)dE.
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NOTATION

length of major semiaxis of spheroid.

distance from center to foci.

unit vector denoting orientation of spheroid axis.
eccentricity of the spheroid.

rate-of-strain tensor.

force exerted on the particle by the fluid.
Oseen tensor

stresslet or symmetric part of the stress dipole.
torque exerted on the particle by the fluid.
particle translational velocity.

velocity.

position vector.

position of particle centroid.

¥ «e Cr W ammaea aann

"
a

Greek letters

a constants in the Chwang-Wu singularity solutions.
constants in the Chwang-Wu singularity solutions.
identity tensor.
alternating tensor.
viscosity.
vector denoting position on the spheroid axis.
particle angular velocity.
vorticity.
vorticity tensor.

ODRE wmE & v

Subscripts
i,j,k,2,m
indices used in the Einstein summation convention.

Superscripts
« ambient field.
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APPENDIX
In this appendix we prove that if the uniform streaming problem has the functional
form:

v(x) = U* + U L {u (x — E)]

8Tu
then the Faxen law for the force on the stationary particle is
F=—L{r@®l

Proof 1

We apply the reciprocal theorem of Lorentz (Happel & Brenner 1965) to two
velocity-stress pairs (v2, ¢) and (¥, o’) where the first set is the disturbance solution to the
problem on interest and the second set is the singularity (disturbance) solution of the
uniform streaming problem. The singularities are assumed to be outside the fluid region (i.e.
inside or on the surface of the particle). The reciprocal theorem states that

_é’vfa;jnj dA -fé' U;O‘snj dA. [AI]

On the particle surface, 2; = — U7 so the RHS of [A1] simplifies to — U™ . F.
We apply the divergence theorem to the analytical continuation of v® inside the particle.
The LHS of [A1] becomes

D
v, 7
f,,' ;ja,,dV+_/'; s L fo(x — plav,

where we have used the Stokes equation to simplify V . ¢'. The first term vanishes for a rigid
particle. (Even in the case where the particle is rotating, this term still vanishes because the
rate-of-strain vanishes inside so that Vv? is antisymmetric.) The properties of the Dirac delta
function simplifies the second term to: I:E{(v‘ (x — £)}. The Faxen law follows as

F = —iz{vm(f)}-
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Proof IT
We start with the integral representation for the velocity of interest:

1 o .
v(x) = v°(x) — % ¢; (@ - n) - 1(x — x,)dS(x,), ifxisin the fluid,
| [A2]

1 e s .
Y(x) = o Sb;’ (o« n) - x — x,)dS(x,), ifxisinthe particle.

This can be derived by applying the reciprocal theorem to (v,¢) and (1,Z), where 2 is the
stress field of I. We also have, from the boundary condition of the uniform streaming
problem,

- [x — ¢ o .
LE{I( Y- )] ~ —d, ifxisin the particle.

The Faxen law is obtained by applying L} to both sides of the second equation in [A2]. The
Oseen tensor in the surface integral is converted into (the negative of) the idemfactor so that
the integral reduces to the expression for the force.



